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Abstract
The notion of being a Whitney preserving map is introduced. Conditions are given on a space X
in order that a Whitney preserving function f from X to the unit interval is a homeomorphism.
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1. Introduction
In this section we introduce the notion of Whitney preserving maps, we give some basic
properties of these functions and we also introduce the notion of hereditarily Whitney
preserving function, which plays an important role in the next section.
A connected compact metric space is called a continuum. Through all this paper X
and Y will denote continua. C(X) will denote the space of all subcontinua of X with the
topology generated by the Hausdorff metric [1]; F1(X) will denote the subspace of C(X)
whose points are the singletons {x} for x ∈X.
Notation. For any set N , N denotes the closure of N ; N◦ denotes the interior of N .
d(x, y) denotes the distance between x and y and the symbol Bε(x) denotes the open
ball of radius ε about x .
We let I denote the interval [0,1] and S1 denote the set {(x, y) ∈R2: ‖(x, y)‖ = 1}.
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Definition. Let X be a continuum. A Whitney map is a continuous function µ :C(X)→R
satisfying
(a) If A, B ∈ C(X) such that A⊂ B and A = B then µ(A) < µ(B), and
(b) µ({x})= 0 for all x in X.
It is known that for any continuum X there exists a Whitney map for C(X) by 13.4 of
[1, p. 107].
Given a Whitney map µ :C(X)→R and t ∈R the set µ−1(t) is called a Whitney level
of C(X). In this paperAs and Bt will denote Whitney levels for some given Whitney maps
and t, s ∈R.
An order arc in C(X) is an arc α in C(X) such that if A,B ∈ α, then A⊂ B or B ⊂ A.
A function f :X→ Y is called weakly confluent if for each subcontinuumC of Y , there
is a component A of f−1(C) such that f (A)= C.
Definition. Let f :X→ Y be a continuous function between continua. Then fˆ :C(X)→
C(Y ) given by fˆ (A) = f (A) for each A ∈ C(X) is a continuous function called the
induced function.
Definition 1. Let f :X→ Y be a continuous function between continua. Then f is said to
be Whitney preserving if there are Whitney maps µ :C(X)→ R and ν :C(Y )→ R such
that for every s ∈ [0,µ(X)] fˆ (As )= Bt for some t ∈ [0, ν(Y )], in this case we will say that
f preserves Whitney levels with respect to µ and ν or that f is µ,ν-Whitney preserving.
Theorem 2. If f :X→ Y is Whitney preserving then f is weakly confluent.
Proof. Suppose f is not weakly confluent, hence the induced function fˆ is not onto. Let
B /∈ fˆ (C(X)) if B ∈ Bs then, since f is Whitney preserving,Bs∩ fˆ (C(X))= ∅. Therefore
fˆ
(
C(X)
)⊆ C(Y ) \Bs . (∗)
On the other hand we know that any Whitney level separates {X} and F1(X); observe
that {X} ∈ fˆ (C(X)) and F1(X)⊆ fˆ (C(X)), so this and (∗) contradict the connectness of
fˆ (C(X)). ✷
Example 1. Let X = [0,π], Y = S1 and f :X→ Y given by f (t) = e2t i. Then f is an
onto continuous function which is not Whitney preserving.
Lemma 3. Let X be a continuum, µ :C(X)→ R a Whitney function for C(X). If As is a
Whitney level that is a set theoretic decomposition of X and A ∈As , then A◦ = ∅.
Proof. Suppose the lemma is false; so there exists A ∈As such that A◦ = ∅. Let x ∈ A◦
and let ε > 0 such that Bε(x)⊆A◦. Take B ∈As such that B ∈Bε/2(A) and B =A. Hence
for the given x ∈A there exists y ∈ B such that d(x, y) < ε/2. Therefore y ∈Bε(x) which
implies A ∩ B = ∅, but this contradicts the fact that As is a set theoretic decomposition
of X. ✷
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Definition 4. A continuumX is said to be continuumwise accessible if and only if for every
subcontinuumA of X there exist a nondegenerate subcontinuumB of X and a point x ∈A
such that A∩B = {x}.
Proposition 5. Let X be a continuum. If X is cik at some point or X is continuumwise
accessible, then no positive Whitney level of C(X) is a set theoretic decomposition.
Proof. Assume, first, that X is cik at some point x .
Suppose the lemma is false, i.e., there is a Whitney level At , with t > 0, such that At is
a set theoretic decomposition.
Let A ∈At such that x ∈A. Since X is cik at x there exists a connected neighborhood
N of x such that µ(N) < t . By Lemma 3 A◦ = ∅, so we have that N ⊆ A, hence A ∪N
is a continuum with µ(A∪N) > t . Let α be an order arc from N to A ∪N , then there is
C ∈ α such that µ(C)= t . By construction C ∩A = ∅ and C =A, which is a contradiction
to At being a set theoretic decomposition.
Next, assume, that X is continuumwise accessible.
LetAt be any positive level with t = µ(X) and let A ∈At , then there exists a continuum
B such that A∩B = {x} for some x ∈A, thenA∪B is a continuum such that µ(A∪B) > t ,
so taking an order arc from x to A∪ B through B we can find a subcontinuum C of X in
At such that A = C and A∩C = ∅, so At is not a set theoretic decomposition. ✷
Corollary 6. Let X and Y be continua. If X is cik at some point or X is continuumwise
accessible and f :X→ Y is Whitney preserving, then fˆ (As )= B0 if and only if s = 0.
Proof. Suppose there exists an s > 0 such that fˆ (As)= B0.
Let S = max{s: fˆ (As)= B0}. Note that S = µ(X) since fˆ (X)= Y .
By Proposition 5, there exist A,B ∈AS such that A = B and A∩B = ∅. Then A∪B is
a continuum such that
µ(A∪B) > S. (∗)
Let r = µ(A∪B). Now, f (A∪B)= f (A)∪f (B)= {pA}∪ {pB}; but, since f (A∪B)
is a continuum, we have that {pA} = {pB}. Thus fˆ (A∪B) ∈ B0. Thus, since f is Whitney
preserving and A ∪ B ∈ Ar , fˆ (Ar ) = B0. Hence, by (∗), we have a contradiction to the
definition of S. This proves the corollary. ✷
Definition 7. A continuous function, f :X→ Y , between continua is said to be hereditarily
Whitney preserving if for every subcontinuum, Z, of X, f|Z :Z → f (Z) is Whitney
preserving.
Example 2. X = [0,π], Y = S1 and f :X → Y given by f (t) = e4t i. If µ :C(X)→ R
is the diameter map and ν :C(Y )→ R is the arc-length map, then f preserves Whitney
levels with respect to µ and ν but f is not hereditarily Whitney preserving since f|[0, π2 ] is
not Whitney preserving by Theorem 2.
Observe, that for a function f to be hereditarily Whitney preserving, there must exist
two Whitney functions for every subcontinuum Z, one Whitney function for C(Z) and
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another for C(f (Z)), such that the restriction of f preserves Whitney levels with respect
to these Whitney functions. The following proposition tells us that hereditarily Whitney
preserving maps are, in fact, hereditarily Whitney preserving with respect to the restrictions
of the given Whitney maps.
Notation. From now on, if µ :C(X) → R is a Whitney function and Z is a proper
subcontinuum of X, µZ will denote the restriction of µ to C(Z).
Proposition 8. Let f :X→ Y be a hereditarily µ,ν-Whitney preserving function, then for
every subcontinuum, Z, of X f|Z is a µZ,νf (Z)-Whitney preserving function.
Proof. Let µ and ν be Whitney functions for C(X) and C(Y ) such that f preserves
Whitney levels with respect to µ and ν.
Let Z be a subcontinuum of X. Any Whitney level of C(Z) with respect to µZ is
As ∩C(Z) whereAs is a Whitney level of X with respect to µ [2, pp. 411–412], so denote
by AZs the Whitney levels of C(Z) with respect to µZ and denote by Bf (Z)t the Whitney
levels of f (Z) with respect to νf (Z).
We want to prove that for every s ∈ [0,µ(Z)] fˆ (AZs ) = Bf (Z)t for some t ∈
[0, ν(f (Z))].
Let AZs be any Whitney level of C(Z). Since f preserves Whitney levels with respect
to µ and ν, we have that fˆ (AZs ) ⊆ Bf (Z)t . Hence, we need only to prove that the reverse
inclusion holds.
Let B ∈ Bf (Z)t ; by hypothesis there exist two Whitney functions µ∗ :C(Z) → R
and ν∗ :C(f (Z))→ R such that f|Z preserves Whitney levels with respect to µ∗ and
ν∗. Hence, f|Z is weakly confluent by Theorem 2. Thus there is A ∈ C(Z) such that
fˆ|Z(A)= B . Let µ(A)= s1. We have two cases: s1  s or s1  s. Assume s1  s. Since f
is Whitney preserving, we have that
fˆ (As1)= fˆ (As)= Bt . (#)
Now, let α be an order arc in C(Z) from A to Z. Then there exists D ∈ α such that
µ(D) = s. Since A ⊆ D, f (A) ⊆ f (D), also by (#), ν(f (A)) = ν(f (D)), therefore
f (A) = f (D). Hence f (D) = B . Similarly, in the case when s1  s we can also find a
continuum D ∈AZs such that f (D)= B . This shows that Bf (Z)t ⊆ fˆ (AZs ). ✷
Proposition 9. Let X and Y be continua. If f :X→ Y is Whitney preserving and for some
Z, subcontinuum of X, f|Z is weakly confluent, then f|Z is Whitney preserving.
Proof. Let Z be a subcontinuum of X such that f|Z is weakly confluent.
If f (Z) is a singleton then f|Z :Z→ f (Z) is a Whitney preserving map.
Assume f (Z) is nondegenerate. Let AZs be a Whitney level of C(Z). It is easy to see
that fˆ (AZs ) ⊆ Bf (Z)t , where Bf (Z)t is a Whitney level of f (Z). We need only prove the
reverse containment.
To prove that Bf (Z)t ⊆ fˆ (AZs ), let D ∈ Bf (Z)t . Since f|Z is weakly confluent, there exists
a subcontinuum C of Z such that f (C)=D.
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If µ(C) = s, then D ∈ fˆ (AZs ). So assume that µ(C) < s or µ(C) > s. Then, using
order arcs, there exists E ∈ AZs such that C ⊆ E or E ⊆ C. Hence f (C) ⊆ f (E) or
f (E)⊆ f (C). Now, since f is Whitney preserving, we have, in either case, that f (E) ∈ Bt
and, hence, ν(f (C))= ν(f (E)); therefore, f (C)= f (E). Hence, f (E)=D. Therefore,
we have proved that Bf (Z)t ⊆ fˆ (AZs ). ✷
The next lemma is, indeed, a corollary of the previous proposition.
Lemma 10. Let X and Y be continua. If f :X→ Y is Whitney preserving and hereditarily
weakly confluent, then f is hereditarily Whitney preserving.
2. Maps onto the interval
In this section, right now, we try to characterize the continua for which there are Whitney
preserving functions onto the interval. Our first result is a corollary to Lemma 10.
Corollary 11. Let X be a continuum. If f :X→ I is a Whitney preserving map, then f is
hereditarily Whitney preserving.
Lemma 12. If f : I → I is Whitney preserving, then f is a homeomorphism.
Proof. It is enough to prove that f is injective. To do this suppose there exist two points
x, y ∈ I, x < y , such that f (x)= f (y). Let f (x)= ω.
By Corollary 6 there exists d ∈ [x, y] such that f (d) = ω. Assume, without lost of
generality, that f (d) > ω. Let c ∈ [x, y] be such that f (c) is a maximum of f on [x, y]
and let
x1 = max
{
z ∈ [x, c]: f (z)= ω},
y1 = min
{
z ∈ [c, y]: f (z)= ω}.
By construction f ([x1, c])= f ([c, y1])= [ω,f (c)]. Hence,
ν
(
f
([x1, c]
))= ν(f ([c, y1]
))
. (i)
Also, by construction, for each z ∈ (x1, y1), f (z) > ω. Therefore, for every proper
subcontinuum D of [x1, y1] such that c ∈D,
f (D)⊂ [ω,f (c)]. (ii)
Therefore, by (i), (ii) and the fact that f is Whitney preserving, we have that
µ
([x1, c]
)= µ([c, y1]
)
. (iii)
Now let p ∈ (c, y1), and let β be an order arc from p to [x1,p] then, since [x1, c] ⊂
[x1,p], there is D ∈ β such that µ(D)= µ([x1, c]) and x1 /∈D. Thus, since f is Whitney
preserving, we have that ν(f (D))= ν(f ([x1, c])) but on the other hand from (ii) we have
that ν(f (D)) < ν(f ([x1, c])); which is a contradiction, so f is injective. ✷
356 B. Espinoza Reyes / Topology and its Applications 126 (2002) 351–358
Theorem 13. Let X be an arcwise connected continuum. If f :X → I is Whitney
preserving, then f is a homeomorphism.
Proof. It is enough to prove that f is injective, since every Whitney preserving map is
onto.
So, let p and q two different points of X, and let A be an arc from p to q . Then by
Corollary 6 and Corollary 11, f (A) is nondegenerate and f|A :A → f (A) is Whitney
preserving. Hence, by Lemma 12, f|A :A → f (A) is a homeomorphism. Therefore,
f (p) = f (q), which proves that f is injective. ✷
Definition 14. Let X be a continuum. Then A⊆ X is said to be an arc component if A is
a maximal arcwise connected subset of X. If A is also dense in X, then we say that A is a
dense arc component of X.
Lemma 15. Let X be a continuum such that contains a dense arc component. If f :X→ I
is Whitney preserving, then fˆ (As )= B0 if and only if s = 0.
Proof. Let A be a dense arc component of X. Since f is a Whitney preserving function,
it is enough to prove that if fˆ (As )= B0 then s = 0.
First, let B ∈ C(A) such that µ(B) > 0. Since A is dense in X and f is continuous,
there exists an arcwise connected subcontinuum C of A such that Hd(X,C) is sufficiently
small so
ν
(
f (C)
)
> 0. (∗)
Let b ∈B and c ∈ C and denote by βcb an arc from b to c, then B ∪βcb ∪C is an arcwise
connected continuum. Denote by Y this new continuum.
By (∗) f (Y ) is nondegenerate. Hence, by Corollary 11 and Theorem 13, f|Y is a
homeomorphism, so f (B) is nondegenerate, i.e., ν(f (B)) > 0.
Now suppose B is just any subcontinuum of X such that µ(B) > 0. Then we can
construct, using order arcs, a subcontinuum C of A such that µ(C) = µ(B), so by the
previous argument ν(f (C)) > 0, and since f is Whitney preserving we must also have
that ν(f (B)) > 0. ✷
Theorem 16. Let X be a continuum such that X contains a dense arc component. If
f :X→ I is Whitney preserving, then f is a homeomorphism.
Proof. Let A be a dense arc component of X. Given a subarc L of A, f|L :L→ f (L)
is Whitney preserving by Corollary 11; also, f (L) is nondegenerate by Lemma 15 and
f|L :L→ f (L) is a homeomorphism by Lemma 12.
We want to prove that, for each t ∈ I , f−1(t) is degenerate. We consider two cases.
Case 1. 0 < t < 1.
Let points p,q ∈A be such that f (p) < t < f (q). Let L⊂A be an arc joining p and q .
Then f|L :L→[f (p),f (q)] is a homeomorphism. Suppose that f−1(t) is nondegenerate.
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Then there exists y ∈X \L such that f (y)= t . By the density of A, there exists an element
r ∈A \L such that f (p) < f (r) < f (q). Let J ⊂A be an arc joining r and a point u ∈L
such that J ∩L= {u}. Let pu and qu be the irreducible subcontinua of L containing p, u
and q , u, respectively. Since f (r) ∈ [f (p),f (u)] or f (r) ∈ [f (u), f (q)], one of the maps
f|J∪pu or f|J∪qu is not one-to-one. This is a contradiction, which proves that f−1(t) is
degenerate.
Case 2. t = 0 or t = 1.
For each integer n 2, let pn ∈X be such that f (pn)= 1n . By Case 1, f−1( 1n )= {pn},
so X \ {pn} = f−1([0, 1n)) ∪ f−1(( 1n ,1]) is a separation of X \ {pn}. This implies that
f−1([0, 1
n
]) is a subcontinuum of X. Therefore, f−1(0) = ⋂{f−1([0, 1
n
]): n  2} is a
subcontinuum of X. Similarly, f−1(1) is a subcontinuum of X. Thus f is monotone.
Now, by Lemma 15, f−1(0) and f−1(1) are degenerate subcontinua of X. Therefore f
is a homeomorphism. ✷
Example 3. Let X be the circle of pseudoarcs and let f :X → S1 be the function that
shrinks each pseudoarc of X to a point of S1. Note that for each subcontinuum Y of X
such that Y intersects two different pseudoarcs of X we have that f−1(f (Y ))= Y and that
for any subcontinuum A of S1, f−1(A) is a subcontinuum of X.
LetH= {f−1(x): x ∈ S1}; it is easy to check that H is a closed subset of C(X).
Let c be a positive real number and let µ′ :H→R be given by µ′(f−1(x))= c. Thenµ′
is a Whitney function forH, then by 16.10 of [1, p. 132], µ′ can be extended to a Whitney
function µ :C(X)→R.
Now, define ν :C(S1)→R as follows: ν(A)= µ((fˆ )−1(A))− c for every A ∈ C(S1).
By the Transgression Theorem, 3.22 of [3, p. 45], ν is a continuous function. Now, for
every x ∈ S1, ν(x)= µ((fˆ )−1(x))− c= 0 and if A and B are subcontinua of S1 such that
A⊂ B and A = B we have that ν(A) < ν(B). So ν is a Whitney function for C(S1). Now
is easy to see that f is a µ− ν-Whitney preserving function.
The following example shows that the hypothesis in Theorem 16 of X having a dense
arc component is a necessary condition.
Example 4. Let X and f :X→ S1 be as in the previous example and let A be a proper
subcontinuum of X intersecting at least two pseudoarcs. By Proposition 9, f|A :A→ f (A)
is a Whitney preserving function. Note that A does not contain a dense arc component and
that f (A) is an arc.
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